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BASIC PROPERTIES OF FEDOSOV SUPERMANIFOLDS1
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b) Tomsk State Pedagogical University, 634041 Tomsk, Russia
Basic properties of even (odd) supermanifolds endowed with a connection respecting
a given symplectic structure are studied. Such supermanifolds can be considered as
generalization of Fedosov manifolds to the supersymmetric case.
1 Introduction
The formulation of fundamental physical theories, classical as well as quantum ones, by differen-
tial geometric methods nowadays is well established and has a great conceptual virtue. Probably,
the most prominent example is the formulation of general relativity on Riemannian manifolds,
i.e., the geometrization of gravitational force; no less important is the geometric formulation
of gauge field theories of primary interactions on fiber bundles. Another essential route has
been opened by the formulation of classical mechanics – and also classical field theories – on
symplectic manifolds and their connection with geometric quantization. The properties of such
kind of manifolds are widely studied.
Recently, some advanced methods of Lagrangian quantization involve more complicated
manifolds namely the so-called Fedosov manifolds, i.e., symplectic manifolds equipped with
a symmetric connection which respects the symplectic structure. Fedosov manifolds have been
introduced for the first time in the framework of deformation quantization [1]. The properties of
Fedosov manifolds have been investigated in detail (see, e.g., Ref. [2]). Especially, let us mention
that for any Fedosov manifold the scalar curvature K is trivial, K = 0, and that the specific rela-
tion ωij,kl = (1/3)Rklij , in terms of normal coordinates, holds between the symplectic structure
ωij and the curvature tensor Rklij.
The discovery of supersymmetry [3] enriched modern quantum field theory with the notion of
supermanifolds being studied extensively by Berezin [4]. Systematic considerations of superman-
ifolds and Riemannian supermanifolds were performed by DeWitt [5]. At present, symplectic
supermanifolds and the corresponding differential geometry are widely involved and studied in
consideration of some problems of modern theoretical and mathematical physics [6, 7].
However, the situation concerning Fedosov supermanifolds is quite different. Only flat even
Fedosov supermanifolds have been used in the study of a coordinate-free scheme of deformation
quantization [8], for an explicit realization of the extended antibrackets [9] and for the formula-
tion of the modified triplectic quantization in general coordinates, see, [10] and references cited
therein. Here, on the basis previous results [11, 12], we give an overview on the present sta-
tus concerning the structure of arbitrary Fedosov supermanifolds, especially the properties of
their curvature tensor and scalar curvature as well as the relations between the supersymplectic
structure, the connection and the curvature in normal and general local coordinates.
The paper is organised as follows. In Sect. 2, we give a brief review of the definition of tensor
fields on supermanifolds. In Sect. 3, we consider affine connections on a supermanifold and their
curvature tensors. In Sect. 4, we present the notion of even (odd) Fedosov supermanifolds and
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of even (odd) symplectic curvature tensors. In Sect. 5, we study the introduction of the Ricci
tensor and the property the scalar curvature which is non-trivial for odd Fedosov supermanifolds.
In Sect. 6, we introduce normal coordinates on supermanifolds and affine extensions of the
Christoffel symbols as well as tensor fields. In Sect. 7, we derive the relation existing between
the first order affine extension of the Christoffel symbols and the curvature tensor for any
Fedosov supermanifold both in normal coordinates and arbitrary local coordinates. In Sect. 8,
we present a relation between the second order affine extension of the symplectic structure and
the curvature tensor. In Sect. 9 we give a few concluding remarks.
We use the condensed notation suggested by DeWitt [5]. Derivatives with respect to the
coordinates xi are understood as acting from the left and for them the notation ∂iA = ∂A/∂x
i
is used. Right derivatives with respect to xi are labelled by the subscript ”r” or the notation
A,i = ∂rA/∂x
i is used. The Grassmann parity of any quantity A is denoted by ǫ(A).
2 Tensor fields on supermanifolds
To start with, we review explicitly some of the basic definitions and simple relations of tensor
analysis on supermanifolds which are useful in order to avoid elementary pitfalls in the course
of the computations. Thereby, we adopt the conventions of DeWitt [5].
Let the variables xi, ǫ(xi) = ǫi be local coordinates of a supermanifold M,dimM = N, in
the vicinity of a point P . Let the sets {ei :=
∂r
∂xi
} and {ei := dxi} be coordinate bases in the
tangent space TPM and the cotangent space T
∗
PM , respectively. If one goes over to another set
x¯i = x¯i(x) of local coordinates the basis vectors in TPM and T
∗
PM transform as follows:
e¯i = ej
∂rx
j
∂x¯i
, e¯i = ej
∂x¯i
∂xj
. (1)
For the transformation matrices the following relations hold:
∂rx¯
i
∂xk
∂rx
k
∂x¯j
= δij ,
∂xk
∂x¯j
∂x¯i
∂xk
= δij ,
∂rx
i
∂x¯k
∂rx¯
k
∂xj
= δij ,
∂x¯k
∂xj
∂xi
∂x¯k
= δij . (2)
Introduce the Cartesian product space Πnm
Πnm =
n times︷ ︸︸ ︷
T ∗P × · · · × T
∗
P ×TP × · · · × TP︸ ︷︷ ︸
m times
. (3)
Let T be a mapping T : Πnm → Λ that sends every element (ω
i1 , ..., ωin ,Xj1 , ...,Xjm) ∈ Π
n
m into
supernumber T(ωi1 , ..., ωin ,Xj1 , ...,Xjm) ∈ Λ where Λ is the Grassmann algebra. This mapping
is said to be a tensor of rank (n,m) at P if for all ω, σ ∈ T ∗PM , all X,Y ∈ TPM and all α ∈ Λ
it satisfies the multilinear laws
T(...ω + σ...) = T(...ω...) +T(...σ...),
T(...X + Y...) = T(...X...) +T(...Y...),
T(...ωα, σ...) = T(...ω, ασ...),
T(...ωα,X...) = T(...ω, αX...), (4)
T(...Xα, Y...) = T(...X, αY...),
T(...Xα) = T(...X)α.
It is useful to work with components of T relative to the bases {ei}and{ei}
T i1...inj1...jm = T(e
i1 , ..., ein , ej1 , ..., ejm), T
i1...in
j1...jm
= T(ej1 , ..., ejm , e
i1 , ..., ein). (5)
Then a tensor field of type (n,m) with rank n +m is defined as a geometric object which, in
each local coordinate system (x) = (x1, ..., xN ), is given by a set of functions with n upper and
m lower indices obeying definite transformation rules. Here we omit the transformation rules for
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the components of any tensor under a change of coordinates, (x) → (x¯), referring to [11], and
restrict ourselves to the case of the second order tensor only. From (1), (4) and (5) it follows
T¯ ij = Tmn
∂x¯j
∂xn
∂x¯i
∂xm
(−1)ǫj(ǫi+ǫm), T¯ij = Tmn
∂rx
n
∂x¯j
∂rx
m
∂x¯i
(−1)ǫj(ǫi+ǫm), (6)
T¯ ij = T
m
n
∂rx
n
∂x¯j
∂x¯i
∂xm
(−1)ǫj(ǫi+ǫm), T¯ ji = T
n
m
∂x¯j
∂xn
∂rx
m
∂x¯i
(−1)ǫj(ǫi+ǫm). (7)
Note that the unit matrix δij is connected with unit tensor fields δ
i
j and δ
i
j as follows
δij = δ
i
j = (−1)
ǫi δ ij = (−1)
ǫj δ ij . (8)
From a tensor field of type (n,m) with rank n +m, where n 6= 0, m 6= 0, one can construct a
tensor field of type (n − 1,m − 1) with rank n +m − 2 by the contraction of an upper and a
lower index by the rules
T
i1...is−1 i is+1...in
j1...jq−1 i jq+1...jm
(−1)ǫi(ǫis+1+···+ǫin+ǫj1+···+ǫjq−1+1), (9)
T
i1...is−1 i is+1...in
j1...jq−1 i jq+1...jm
(−1)ǫi(ǫis+1+···+ǫin+ǫj1+···+ǫjq−1). (10)
In particular, for the tensor fields of type (1, 1) the contraction leads to the supertraces,
T ii (−1)
ǫi and T ii . (11)
¿From two tensor fields T i1...in and Pji...jm of types (n.0) and (0,m) one can construct new
tensor fields of type (n− 1,m− 1) using the multiplication procedure in the following way:
(−1)ǫ(P )(ǫi1+···+ǫin−1+ǫk)+ǫk T i1...in−1k Pkj1...jm−1 , (12)
(−1)ǫ(T )(ǫj1+···+ǫjm−1+ǫk) Pj1...jm−1k T
ki1...in−1 . (13)
In particular, for the second rank tensor fields T ij and Pij begineqnarray
(−1)ǫ(P )(ǫi+ǫk)+ǫkT ikPkj or (−1)
ǫ(T )(ǫi+ǫk)PikT
kj. (14)
Furthermore, taking into account (14), the unique inverse of a (non-degenerate) second rank
tensor field of type (2,0) will be defined as follows:
(−1)(ǫi+ǫk)ǫ(T )+ǫk T ik (T−1)kj = δ
i
j , (−1)
(ǫj+ǫk)ǫ(T ) (T−1)jk T
ki = δ ij , (15)
ǫ(T−1ij ) = ǫ(T
ij) = ǫ(T ) + ǫi + ǫj ,
and correspondingly for tensor fields of type (0,2).
Let us emphasize that the inclusion of the correct sign factors into the definitions of con-
tractions, (9) and (10), and of the inverse tensors, (15), is essential. Namely, let us consider a
second rank tensor field of type (2,0) obeying the property of generalized (anti)symmetry,
T ij± = ±(−1)
ǫiǫjT ji± . (16)
Obviously, that property is in agreement with the transformation law (6),
T¯ ij± = T
mn
±
∂x¯j
∂xn
∂x¯i
∂xm
(−1)ǫj(ǫi+ǫm) = ±T nm±
∂x¯i
∂xm
∂x¯j
∂xn
(−1)ǫiǫn = ±(−1)ǫiǫj T¯ ji± .
Thus, the notion of generalized (anti)symmetry of a tensor field of type (2,0) is invariantly
defined in any coordinate system.
Now, suppose that T ij± is non-degenerate, thus allowing for the introduction of the corre-
sponding inverse tensor fields of type (0,2) according to (15). From (16) one gets
(T−1
±
)ij = ±(−1)
ǫiǫj+ǫ(T )(T−1
±
)ji , (17)
and, as it should be, also this generalized (anti)symmetry is invariantly defined.
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3 Affine connection on supermanifolds and curvature
In analogy to the case of tensor analysis on manifolds, on a supermanifoldM one introduces the
covariant derivation (or affine connection) as a mapping ∇ (with components ∇i, ǫ(∇i) = ǫi)
from the set of tensor fields onM to itself by the requirement that it should be a tensor operation
acting from the right and adding one more lower index and, when it is possible locally to
introduce Cartesian coordinates on M , that it should reduce to the usual (right–)differentiation.
For arbitrary supermanifolds the covariant derivative ∇ (or connection Γ) is defined through
the (right–) differentiation and the separate contraction of upper and lower indices with the
connection components accompanig definite numerical factors which depend on the Grassmann
parities of local coordinates. More explicitly, they are given as local operations acting on scalar,
vector and co-vector fields by the rules
T ∇i = T,i , (18)
T i∇j = T
i
,j + T
kΓi kj(−1)
ǫk(ǫi+1) , (19)
Ti∇j = Ti,j − TkΓ
k
ij , (20)
and on second-rank tensor fields of type (2, 0), (0, 2) and (1, 1) by the rules
T ij∇k = T
ij
,k + T
il Γj lk(−1)
ǫl(ǫj+1) + T lj Γi lk(−1)
ǫiǫj+ǫl(ǫi+ǫj+1) , (21)
Tij ∇k = Tij,k − Til Γ
l
jk − Tlj Γ
l
ik(−1)
ǫiǫj+ǫlǫj , (22)
T ij∇k = T
i
j,k − T
i
l Γ
l
jk + T
l
j Γ
i
lk(−1)
ǫiǫj+ǫl(ǫi+ǫj+1) . (23)
Similarly, the action of the covariant derivative on a tensor field of any rank and type is given
in terms of their tensor components, their ordinary derivatives and the connection components.
As usual, the affine connection components do not transform as mixed tensor fields, instead
they obtain an additional inhomogeneous term:
Γ¯i jk = (−1)
ǫn(ǫm+ǫj)
∂rx¯
i
∂xl
Γl mn
∂rx
m
∂x¯j
∂rx
n
∂x¯k
+
∂rx¯
i
∂xm
∂2rx
m
∂x¯j∂x¯k
. (24)
In general, the connection components Γi jk do not have the property of (generalized) symmetry
w.r.t. the lower indices. The deviation from this symmetry is the torsion,
T ijk := Γ
i
jk − (−1)
ǫjǫkΓi kj , (25)
which transforms as a tensor field. If the supermanifold M is torsionless, i.e., T ijk = 0, then
one says that a symmetric connection is defined on M . Here, with the aim of studying Fedosov
supermanifolds, we consider only symmetric connections.
The Riemannian tensor field Ri mjk, according to Ref. [5], is defined in a coordinate basis
by the action of the commutator of covariant derivatives, [∇i,∇j] = ∇i∇j − (−1)
ǫiǫj∇j∇i, on a
vector field T i as follows:
T i[∇j ,∇k] = −(−1)
ǫm(ǫi+1)TmRi mjk. (26)
A straightforward calculation yields
Ri mjk = −Γ
i
mj,k + Γ
i
mk,j(−1)
ǫjǫk + Γi jnΓ
n
mk(−1)
ǫjǫm − Γi knΓ
n
mj(−1)
ǫk(ǫm+ǫj). (27)
The Riemannian tensor field possesses the following generalized antisymmetry property,
Ri mjk = −(−1)
ǫjǫkRi mkj ; (28)
furthermore, it obeys the (super) Jacobi identity,
(−1)ǫmǫkRi mjk + (−1)
ǫjǫmRi jkm + (−1)
ǫkǫjRi kmj ≡ 0 (29)
and the (super) Bianchi identity,
(−1)ǫiǫjRnmjk;i + (−1)
ǫiǫkRnmij;k + (−1)
ǫkǫjRnmki;j ≡ 0 , (30)
with the notation Rnmjk;i : = R
n
mjk∇i.
4
4 Fedosov supermanifolds
Suppose now we are given an even (odd) symplectic supermanifold, (M,ω) with an even (odd)
symplectic structure ω, ǫ(ω) = 0 (or 1). Let ∇ (or Γ) be a covariant derivative (connection) on
M which preserves the 2-form ω, ω∇ = 0. In a coordinate basis this requirement reads
ωij,k − ωimΓ
m
jk + ωjmΓ
m
ik(−1)
ǫiǫj = 0. (31)
If, in addition, Γ is symmetric then we have an even (odd) symplectic connection (or symplectic
covariant derivative) on M . Now, a Fedosov supermanifold (M,ω,Γ) is defined as a symplectic
supermanifold with a given symplectic connection.
Let us introduce the curvature tensor of a symplectic connection with all indices lowered,
Rijkl = ωinR
n
jkl, ǫ(Rijkl) = ǫ(ω) + ǫi + ǫj + ǫk + ǫl, (32)
where Rnjkl is given by (27). This leads to the following representation,
Rimjk = −ωinΓ
n
mj,k + ωinΓ
n
mk,j(−1)
ǫjǫk + ΓijnΓ
n
mk(−1)
ǫjǫm − ΓiknΓ
n
mj(−1)
ǫk(ǫm+ǫj) , (33)
where we used the notation
Γijk = ωinΓ
n
jk, ǫ(Γijk) = ǫ(ω) + ǫi + ǫj + ǫk . (34)
Using this, the relation (31) reads ωij,k = Γijk − Γjik(−1)
ǫiǫj . Furthermore, from Eq. (33) it is
obvious that
Rijkl = −(−1)
ǫkǫlRijlk, (35)
and, using (32) and (29), one deduces the (super) Jacobi identity for Rijkl,
(−1)ǫjǫlRijkl + (−1)
ǫlǫkRiljk + (−1)
ǫkǫjRiklj = 0 . (36)
In addition, the curvature tensor Rijkl is (generalized) symmetric w.r.t. the first two indices
(see [11]),
Rijkl = (−1)
ǫiǫjRjilk. (37)
For any even (odd) symplectic connection there holds the identity
(−1)ǫiǫlRijkl + (−1)
ǫlǫk+ǫlǫjRlijk + (−1)
ǫkǫj+ǫlǫj+ǫiǫkRklij + (−1)
ǫiǫj+ǫiǫkRjkli = 0. (38)
This is proved by using the Jacobi identity (36) together with a cyclic change of the indices. In the
identity (38) the components of the symplectic curvature tensor occur with cyclic permutations
of all the indices (on R). However, the pre-factors depending on the Grassmann parities of
indices are not obtained by cyclic permutation.
5 Ricci and scalar curvature tensors
Having the curvature tensor, Rijkl, and the tensor field ω
ij , which is inverse to ωij,
ωik ωkj(−1)
ǫk+ǫ(ω)(ǫi+ǫk) = δij , (−1)
ǫi+ǫ(ω)(ǫi+ǫk)ωik ω
kj = δji , (39)
ωij = −(−1)ǫiǫj+ǫ(ω)ωji, ǫ(ωij) = ǫ(ω) + ǫi + ǫj , (40)
one can define the following three different tensor fields of type (0, 2),
Rij = ω
knRnkij(−1)
(ǫ(ω)+1)(ǫk+ǫn) = Rkkij (−1)
ǫk , (41)
Kij = ω
knRnikj(−1)
ǫiǫk+(ǫ(ω)+1)(ǫk+ǫn) = Rkikj (−1)
ǫk(ǫi+1) , (42)
Qij = ω
knRijnk(−1)
(ǫi+ǫj)(ǫk+ǫn)+(ǫ(ω)+1)(ǫk+ǫn) , (43)
ǫ(Rij) = ǫ(Kij) = ǫ(Qij) = ǫi + ǫj .
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From the definitions (41), (43) and the symmetry properties of Rijkl, it follows immediately that
for any symplectic connection one has Rij = −(−1)
ǫiǫjRji and Qij = (−1)
ǫiǫjQji. Moreover we
obtain the relations
[1 + (−1)ǫ(ω)]Rij = 0, [1− (−1)
ǫ(ω)]Qij = 0. (44)
¿From (38) and (41) – (43) it follows the relations
Rij +Qij + (−1)
ǫiǫjKji + (−1)
ǫ(ω)Kij = 0, (45)
[1 + (−1)ǫ(ω)] (Kij − (−1)
ǫiǫjKji) = 0. (46)
Therefore for any even symplectic connection we obtain
Kij = (−1)
ǫiǫjKji, Rij = 0, Qij = −2Kij , (47)
while for any odd symplectic connection we have
Qij = 0, Rij = Kij − (−1)
ǫiǫjKji. (48)
The tensor field Kij should be considered as the only independent second-rank tensor which
can be constructed from the symplectic curvature. We refer to Kij as the Ricci tensor of an
even (odd) Fedosov supermanifold. Notice that in the odd case Kij has no special symmetry
property.
Let us define the scalar curvature K of a Fedosov supermanifold by the formula
K = ωjiKij(−1)
ǫi+ǫj = ωjiωknRnikj(−1)
ǫi+ǫj+ǫiǫk+(ǫk+ǫn)(ǫ(ω)+1). (49)
From the symmetry properties of Rijkl and ω
ij, it follows that on any Fedosov supermanifold
one has
[1 + (−1)ǫ(ω)]K = 0. (50)
Therefore, as is the case for ordinary Fedosov manifolds [2], for any even symplectic connection
the scalar curvature necessarily vanishes. But the situation becomes different for odd Fedosov
supermanifold where no restriction on the scalar curvature occurs. Therefore, in contrast to
both the usual Fedosov manifolds and the even Fedosov supermanifolds, any odd Fedosov su-
permanifolds can be characterized by the scalar curvature as an additional geometrical structure
[11]. This basic property of the scalar curvature can be used to formulate the following state-
ment [13]: In both, the even and odd cases there exists the relation K2 = 0, and therefore any
regular function of the scalar curvature on any Fedosov supermanifolds belongs to class of linear
functions φ(x) = f [K(x)] = α+ β K(x) .
6 Affine extensions of Christoffel symbols and tensors on sym-
plectic supermanifolds
In Ref. [2] the virtues of using normal coordinates for studying the properties of Fedosov
manifolds was demonstrated. Here, following Ref. [12], we are going to extend this method on
Fedosov supermanifolds (M,ω,Γ) [12]. Normal coordinates {yi} within a point p ∈ M can be
introduced by using the geodesic equations as those local coordinates which satisfy the relations
(p corresponds to y = 0)
Γijk(y) y
k yj = 0, ǫ(Γijk) = ǫ(ω) + ǫi + ǫj + ǫk. (51)
It follows from (51) and the symmetry properties of Γijk w.r.t. (j k) that
Γijk(0) = 0. (52)
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In normal coordinates there exist additional relations at p containing the partial derivatives of
Γijk. Namely, consider the Taylor expansion of Γijk(y) at y = 0,
Γijk(y) =
∞∑
n=1
1
n!
Aijkj1...jny
jn · · · yj1 , where Aijkj1...jn = Aijkj1...jn(p) =
∂nr Γijk
∂yj1 . . . ∂yjn
∣∣∣∣
y=0
(53)
is called an affine extension of Γijk of order n = 1, 2, . . . . The symmetry properties of Aijkj1...jn
are evident from their definition (53), namely, they are (generalized) symmetric w.r.t. (j k) as
well as (j1 . . . jn). The set of all affine extensions of Γijk uniquely defines a symmetric connection
according to (53) and satisfy an infinite sequence of identities [12]. In the lowest nontrivial order
they have the form
Aijkl +Aijlk(−1)
ǫkǫl +Aiklj(−1)
ǫj(ǫl+ǫk) = 0. (54)
Analogously, the affine extensions of an arbitrary tensor T = (T i1...ikm1...ml) onM are defined
as tensors on M whose components at p ∈ M in the local coordinates (x1, . . . , x2N ) are given
by the formula
T i1...ikm1...ml,j1...jn ≡ T
i1...ik
m1...ml,j1...jn
(0) =
∂nr T
i1...ik
m1...ml
∂yj1 ...∂yjn
∣∣∣∣∣
y=0
(55)
where (y1, . . . , y2N ) are normal coordinates associated with (x1, . . . , x2N ) at p. The first ex-
tension of any tensor coincides with its covariant derivative because Γi jk(0) = 0 in normal
coordinates.
In the following, any relation containing affine extensions are to be understood as holding
in a neighborhood U of an arbitrary point p ∈ M . Let us also observe the convention that, if
a relation holds for arbitrary local coordinates, the arguments of the related quantities will be
suppressed.
7 First order affine extension of Christoffel symbols and curva-
ture tensor of Fedosov supermanifolds
For a given Fedosov supermanifold (M,ω,Γ), the symmetric connection Γ respects the symplectic
structure ω [10]:
ωij,k = Γijk − Γjik(−1)
ǫiǫj . (56)
Therefore, among the affine extensions of ωij and Γijk there must exist some relations. Intro-
ducing the affine extensions of ωij in the normal coordinates (y
1, . . . , y2N ) at p ∈ M according
to,
ωij(y) =
∞∑
n=1
1
n!
Ωij,j1...jn y
jn · · · yj1 , Ωij,j1...jn = ωij,j1...jn(0). (57)
Using the symmetry properties of ωij,j1...jn(0) one easily obtains the Taylor expansion for ωij,k:
ωij,k(y) =
∞∑
n=1
1
n!
Ωij,kj1...jn y
jn · · · yj1 . (58)
Taking into account (56) and comparing (53) and (58) we obtain
Ωij,kj1...jn = Aijkj1...jn −Ajikj1...jn(−1)
ǫiǫj ; (59)
in particular,
Ωij,kl = Aijkl −Ajikl(−1)
ǫiǫj . (60)
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Now, consider the curvature tensor Rijkl in the normal coordinates at p ∈M . Then, due to
Γijk(p) = 0, we obtain the following representation of the curvature tensor in terms of the affine
extensions of the symplectic connection
Rijkl(0) = −Aijkl +Aijlk(−1)
ǫkǫl . (61)
Taking into account (54) and (61) a relation containing the curvature tensor and the first affine
extension of Γ can be derived Indeed, the desired relation obtains as follows
Aijkl ≡ Γijk,l(0) = −
1
3
[Rijkl(0) +Rikjl(0)(−1)
ǫkǫj ] , (62)
where the antisymmetry (35) of the curvature tensor were used.
Notice, that relation (62) was derived in normal coordinates. It seems to be of general interest
to find its analog relation in terms arbitrary local coordinates (x) because the Christoffel symbols
are not tensors while the r.h.s. of (62) is a tensor. Under that change of coordinates (x)→ (y)
in some vicinity U of p the Christoffel symbols Γijk transform according to the rule
Γijk(y) =
(
Γpqr(x)
∂rx
r
∂yk
∂rx
q
∂yj
(−1)ǫk(ǫj+ǫq) + ωpq(x)
∂2rx
q
∂yj∂yk
)
∂rx
p
∂yi
(−1)(ǫk+ǫj)(ǫi+ǫp). (63)
In its turn the matrix of second derivatives can be expressed in the form
∂2rx
q
∂yj∂yk
=
∂rx
q
∂yl
Γl jk(y)− Γ
q
lm(x)
∂rx
m
∂yk
∂rx
l
∂yj
(−1)ǫk(ǫj+ǫl). (64)
In particular at p ∈M (y = 0) we have the relation(
∂2rx
q
∂yj∂yk
)
0
= −Γqlm(x0)
(
∂rx
m
∂yk
)
0
(
∂rx
l
∂yj
)
0
(−1)ǫk(ǫj+ǫl) ≡ −Γpjk(x0). (65)
Differentiating (63) with respect to y we find
Γijk,l(y) = Γpqr;s(x)
∂rx
s
∂yl
∂rx
r
∂yk
∂rx
q
∂yj
∂rx
p
∂yi
(−1)(ǫj+ǫk+ǫl)(ǫi+ǫp)+(ǫk+ǫl)(ǫj+ǫq)+ǫl(ǫk+ǫr)
+ ωpq,r(x)
∂rx
r
∂yl
∂2rx
q
∂yj∂yk
∂rx
p
∂yi
(−1)(ǫk+ǫj)(ǫi+ǫp)+ǫl(ǫi+ǫj+ǫk+ǫq+ǫp)
+ ωpq(x)
∂2rx
q
∂yj∂yk
∂2rx
p
∂yi∂yl
(−1)(ǫk+ǫj)(ǫi+ǫp) + ωpq(x)
∂3rx
q
∂yj∂yk∂yl
∂rx
p
∂yi
(−1)(ǫj+ǫk+ǫl)(ǫi+ǫp),
where the covariant derivative (for arbitrary local coordinates) is defined by
Γpqr;s = Γpqr,s − ΓpqnΓ
n
rs − ΓpnrΓ
n
qs(−1)
ǫr(ǫn+ǫq) − ΓnqrΓ
n
ps(−1)
(ǫr+ǫq)(ǫn+ǫp). (66)
Restricting to the point p ∈M we get
Γijk,l(0) =
(
Γijk;l(x0)− Γiln(x0)Γ
n
jk(x0)(−1)
ǫl(ǫj+ǫk)
)
+ ωiq(x0)
(
∂3rx
q
∂yj∂yk∂yl
)
0
. (67)
Due to (67) and the identity (54), the matrix of third derivatives at p obeys the following relation,
ωiq(x0)
(
∂3rx
q
∂yj∂yk∂yl
)
0
= −
1
3
[
(Γijk;l − ΓijnΓ
n
kl) (−1)
ǫjǫl +
(
Γilj;k − ΓilnΓ
n
jk
)
(−1)ǫlǫk
+
(
Γikl;j − ΓiknΓ
n
lj
)
(−1)ǫkǫj
]
(x0) (−1)
ǫjǫl . (68)
With the help of (68) we get the following transformation law for Γijk;l under change of coordi-
nates at the point p
Γijk,l(0) =
[
Γijk,l(x0)−
1
3
Zijkl(x0)
]
, (69)
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with the abbreviation
Zijkl = Γijk;l + Γijl;k(−1)
ǫkǫl + Γikl;j(−1)
(ǫk+ǫl)ǫj (70)
+2ΓilnΓ
n
jk(−1)
(ǫk+ǫj)ǫl − ΓiknΓ
n
jl(−1)
ǫjǫk − ΓijnΓ
n
kl
In straightforward manner one can check that the relations (67) reproduce the correct transfor-
mation law for the curvature tensor Rijkl. Therefore, relation (62) is to be generalized as
Γijk;l −
1
3
Zijkl = −
1
3
[Rijkl +Rikjl(−1)
ǫjǫk ]. (71)
The last equation gets an identity when using the definition (70) of Zijkl(x) and relation for
Rijkl(x) on the r.h.s..
8 Second and third order affine extension of symplectic struc-
ture and curvature tensor on Fedosov supermanifolds
Now, let us consider the relation between the second order affine extension of symplectic structure
and the symplectic curvature tensor. It is easily found by taking into account (60) and (62).
Indeed, the Jacobi identity (36), we obtain
ωij,kl(0) = Aijkl −Ajikl(−1)
ǫiǫj =
1
3
Rklij(0)(−1)
(ǫi+ǫj)(ǫk+ǫl),
Again, since p ∈M is arbitrary, we finally obtain its generalization for any local coordinates x:
ωij,k;l −
1
3
[Zijkl − Zjikl(−1)
ǫiǫj ] =
1
3
(−1)(ǫi+ǫj)(ǫk+ǫl)Rklij. (72)
Furthermore, using the second Bianchi identity [11] one gets a relation between the first
derivative of the curvature tensor and the affine connections,
Rijkl,m = −Aijklm +Aijlkm(−1)
ǫlǫk . (73)
as well as the third affine extension of the symplectic structure
ωij,klm =−
1
6
[Rikjl,m(−1)
ǫjǫk +Rikjm,l(−1)
ǫjǫk+ǫmǫl +Riljm,k(−1)
ǫjǫl+ǫk(ǫl+ǫm)−
−Rjkim,l(−1)
ǫi(ǫk+ǫj) −Rjkim,l(−1)
ǫmǫl+ǫi(ǫj+ǫk) −Rjlim,k(−1)
ǫk(ǫm+ǫl)+ǫi(ǫj+ǫl)].
In local coordinates (x) the following identity can be proven:
Rmjik;l(−1)
ǫj(ǫi+ǫk) −Rmijl;k(−1)
ǫk(ǫl+ǫj) +Rmkjl;i(−1)
ǫi(ǫj+ǫk+ǫl) −Rmlik;j(−1)
ǫl(ǫi+ǫj+ǫk) = 0.
For the derivation of these relations, see, Ref. [12].
9 Summary
We have considered some properties of tensor fields defined on supermanifoldsM . It was shown
that only the generalized (anti)symmetry of tensor fields has an invariant meaning, and that
differential geometry on supermanifolds should be constructed in terms of such tensor fields.
Any supermanifold M can be equipped with a symmetric connection Γ (covariant derivative
∇). The Riemannian tensor Ri jkl corresponding to this symmetric connection Γ satisfies both
the (super) Jacobi identity and the (super) Bianchi identity.
Any even (odd) symplectic supermanifold can be equipped with a symmetric connection
respecting the given symplectic structure. Such a symmetric connection is called a symplectic
connection. The triplet (M,ω,Γ) is called an even (odd) Fedosov supermanifold. The curvature
tensor Rijkl of a symplectic connection obeys the property of generalized symmetry with respect
9
to the first two indices, and the property of generalized antisymmetry with respect to the last
two indices. The tensor Rijkl satisfies the Jacobi identity and the specific (for the symplectic
geometry) identity (see (38)) containing the sum of components of this tensor with a cyclic
permutation of all the indices, which, however, does not (!) contain cyclic permuted factors
depending on the Grassmann parities of the indices.
On any even (odd) Fedosov manifold, the Ricci tensor Kij can be defined. In the even case,
the Ricci tensor obeys the property of generalized symmetry and gives a trivial result for the
scalar curvature. On the contrary, in the odd case the scalar curvature, in general, is nontrivial.
Using normal coordinates on a supermanifold equipped with a symmetric connection we
have found relations among the first order affine extensions of the Christoffel symbols and the
curvature tensor, the second order affine extension of symplectic structure and the curvature
tensor. In similar way it is possible to find relations containing higher order affine extensions
of sypmlectic structure, the Christoffel symbols and the curvature tensor. We have established
the form of the obtained relations in any local coordinates (see (71), (72)). It was shown that
Γijk;l(x)− 1/3Zijkl(x) is a tensor field in terms of which the relations obtained for general local
coordinates can be presented, cf. Eq. (69).
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